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Abstract
Following Polchinski’s approach we calculate the one-loop vacuum amplitude
for two parallel D-branes connected by open bosonic (neutral or charged)
string in a constant uniform electromagnetic (EM) field. For neutral string,
external EM field contibution appears as multiplier (Born-Infeld type action)
of vacuum amplitude without external EM field. Hence, it gives the alter-
native way to see the inducing of Born-Infeld type action for description of
D-branes. For charged string the situation is more complicated, it may indi-
cate the necessity to modify the induced D-branes action in this case.
The importance of non-perturbative relationships between different string
theories may require the existence of some extended objects with very specific
propierties [1, 2, 3]. It could be that D-branes [5-7] (see [6] for a review) may
play the role of such objects. Those objects represent some soliton configura-
1
tions in superstring theory. They are definitely relevant to the understanding
of duality symmetries. From another point, there are some indications [4]
that D-branes may also serve for the description of black-branes.
In refs. [5,6] the vacuum amplitude for two parallel D-branes connected by
open bosonic string has been calculated.That gave the way to define the
D-brane tension.
Having in mind the possible applications to the explicit construction of
D-brane actions, it could be of interest to study the vacuum amplitude for D-
branes in external fields. In the present letter we find the vacuum amplitude
for parallel D-branes in the constant EM field.
We will start from the theory of critical open bosonic string in the external
magnetic field
S = S0 + S1,
S0 = − 1
4πα′
∫
d2σ∂aXµ∂
aXµ
S1 = − g0
2πα′
∫
dτAµ(x)δ(σ)X˙µ − gπ
2πα′
∫
dτAµ(x)δ(σ − π)X˙µ (1)
where g0 and gπ are the charges at the ends of the string (note that for
g0 + gπ = 0 we have neutral string).
The external magnetic field will be choosen as the following
Fµν =


0
0 −f1
f1 0
..
..


(2)
where fi are real. The quantization of such model has been discussed in
all detail in refs.[11]. Using the results of this quantization, the free energy
and Hagedorn temperature for non-critical strings and for critical strings (in
magnetic field and at non-zero temperature) have been found respectively in
refs.[12] and [13].
The mass operator for charged string maybe written as the following [11].
2
α′M2 =
24−2d∑
i=1
∞∑
n=1
nC i+n C
i
n +
d∑
i=1
[
ǫib
i+
0 b
i
0 +
1
2
ǫi(1− ǫi)+
∞∑
n=1
(n− ǫi)(ai+n ain + bi+n bin)
]
− 1 (3)
where tanγ0i = g0fi, tanγπi = −gπfi, ǫi = γ0i + γπi, d is the number of non-
zero fi in the tensor Fµν (2).
Further details of (3) may be found in refs. [11].
At the next step we will discuss the one-loop vacuum amplitude for two
parallel D-branes related by open charged string in the magnetic field. As
usually [5-7] the Dirichlet boundary conditions for string lead to the modifi-
cation of mass spectrum [5,6] like follows
M˜2 = M2 +
Y · Y
4π2α′
(4)
where Ym = X
m
1 −Xm2 is the separation of the D-branes, and M2 is given by
(3). Hence, we calculate the one-loop vacuum amplitude for D-branes in an
external magnetic field.
Following the ref. [6] we may write the one-loop vacuum amplitude as
A =
∫
∞
0
dt
2t
∑
k
exp[−2πα′t(k2 + M˜2)] =
Vp+1
∫
∞
0
dt
t
(8π2α′t)−
p+1
2 exp(−Y · Y
2πα′
)Tr exp {−2πt×
[
24−2d∑
i=1
∞∑
n=1
nC i+n C
i
n +
d∑
i=1
[
ǫib
i+
0 b
i
0 +
1
2
ǫi(1− ǫi)+
∞∑
n=1
(n− ǫi)(ai+n ain + bi+n bin)
]
− 1
]}
(5)
Note that in the absence of magnetic field, i.e. d = 0 we are back to Eq.
(2.23) of ref. [6].
Calculating the traces over the entire Fock space we get:
A = Vp+1
∫
∞
0
dt
t
(
8π2α′t
)
−
p+1
2 exp
(
−Y · Y t
2πα′
+
πdt
6
)
η2d−24(it)×
3
d∏
i=1
e−πtǫi(1−ǫi)
1− e−2πtǫi
d∏
i=1
∞∏
n=1
(
1− e−2πt(n−ǫi)
)
−2
(6)
Here
η(τ) = e
ipiτ
12
∞∏
n=1
(
1− e2πinτ
)
The asymptotics at t− > 0 are given in ref. [12]
d∏
i=1
∞∏
n=1
(
1− e−2πt(n−ǫi)
)
−2
=
∞∏
n=1
(
1− e−2πtn
)
−2d×
(2πt)−2
∑d
i=1
ǫi exp
(
(2γ + πt)
d∑
i=1
ǫi + 0(t
3)
)
(7)
with γ being the Euler-Mascheroni constant. One can also use the modular
transformation in order to obtain the t− > 0 asymptotics, namely
η2d−24(it) = t12−d exp
(
2π
t
(1− d
12
)
)
∞∏
n=1
(1− e−2πn/t)2d−24,
∞∏
n=1
(1− e−2πnt)−2d = td exp
(
−πtd
6
+
πd
6t
)
∞∏
n=1
(1− e− 2pint )−2d (8)
Finally, we obtain
A = Vp+1
∫
∞
0
dt
t
(8π2α′t)−
p+1
2 exp
(
−Y · Y t
2πα′
+ (2γ + πt)
d∑
i=1
ǫ2i
)
×
t12 (2πt)−d−2
∑d
i=1
ǫi
d∏
i=1
ǫ−1i
(
e2π/t + 24 + o(e−2π/t)
)
(9)
The massless pole from the second term in (9) is
A ∼ Vp+1 · 24 · 2−12−d−2
∑d
i=1
ǫi
(
4π2α′
)11−p−d−2∑d
i=1
ǫi
π
p−23
2
−d−2
∑d
i=1
ǫi×
d∏
i=1
ǫ−1i exp
(
2γ
d∑
i=1
ǫi
)(
Y · Y − 2π2α′
d∑
i=1
ǫ2i
) p+1
2
+d+2
∑d
i=1
ǫi−12
(10)
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For d = 0 Eq. (10) coincides with expression (2.27) in ref. [6]. However,
the interpretation of the expression (10) in the spirit of refs. [5,6] as scalar
Green function (up to some coefficient) is not so evident.
In particular, one sees that due to the presence of 2
∑d
i=1 ǫi in the power of
the last multiplier in (10), this last multiplier may be in non-integer power
(unlike the situation in refs. [5,6]).
From another point, considering eq. (10) as a kind of static potential for
D-branes one sees that for short distance between D-branes the presence of
magnetic field may lead to effective change of D-branes separation. It maybe
that the analysis of the effective massless particles limit of operator (3) may
help in better understanding of (10).
Let us turn now to neutral open bosonic string where situation is much
simpler. In this case the mass operator is given by the expression (see [8]
and second reference of [11])
α′M2 =
24−2d∑
i=1
∞∑
n=1
nC i+n C
i
n − α′
2d∑
j=1
pjg
2
j fj
1 + g2j f
2
j
+
+
d∑
i=1
∞∑
n=1
n
(
ai+n a
i
n + b
i+
n b
i
n
)
− 1 (11)
where g0+gπ = 0, gi are the charges of the interaction with the external field
in the i-th dimension.
Putting gj = 1 and making the calculation very similar to the one given in
ref. [8] (see also [11] for non-zero temperature case) we find:
A = Vp+1
2d∏
i=1
(1 + f 2i )
∫
∞
0
dt
t
(
8π2α′t
)
−
p+1
2 exp(−Y.Y t
2πα′
)×
×t12
(
exp(
2π
t
) + 24 + ...
)
(12)
where the mass operator (11) with Y.Y term (like in (4)) has been used.
Because
2d∏
i=1
(1 + f 2i ) = det(1 + F ) (13)
is just the Born-Infeld type action in open string theory [9], the vacuum
amplitude (12) is proportional to the result of refs. [5,6] (up to the factor
5
(13)). Hence, the interpretation of refs. [5,6] is valid, and the tension Tp is
given by the same expression (2.29) of ref. [6].
Note that in ref. [10] and recent preprints [14-16] it has been shown (using
other arguments) that D-brane actions may be described by Born-Infeld type
effective action (here, duality transformations may be found in a similar way
as in non-linear electrodynamics [17]).
Hence, we gave the alternative way to show the inducing of Born-Infeld
type action for description of D-branes from the study of vacuum amplitude
of neutral open bosonic string in the external magnetic field. The fact that for
charged string the situation is more complicated may indicate the necessity
of modifying of induced D-branes action in this case.
As the last example, we will consider an open non-critical neutral string
in the constant uniform EM field in D-dimensional space. The mass operator
is given by [11,12]
α′M2 = −α′
(D−1)/2∑
i=1
e2 + h2i
1 + h2i
[(p22i)
2 + (p22i+1)
2] +
d20
2
+
+(1− e2)

 ∞∑
n=0
(D−1)/2∑
j=1
n(a2j+n a
2j
n + a
2j+1+
n a
2j+1
n )−
D − 1
24

+ Y · Y
4π2α′
(14)
where periodic length L of the Weyl mode [19] appears in this expression (see
also [12]).
The calculation of the vacuum amplitude may be done in the same way
as in previous case with the following result:
A =
∞∫
0
dt
t
∑
k
e−2πα
′t(k2+M2) = Vp+1(2π)
−1/2(8π2α′)−
p+1
2 [π(1− e2)]−D+12 ×
×det(1 + Fµν)
∞∫
0
dt · t−2−p/2 exp
(
−Y · Y · t
2πα′
)
η1−D[iπt(1− e2)]θ3(0, e−L2/2πt)
(15)
Hence, again as in previous case the Born-Infeld type action factor appears in
front of the integral. The whole expression after exclusion of the Born-Infeld
type action gives the generalization of Polchinski’s result for non-critical open
string (for D= 25 it coincides with the result of ref. [6] or Eq. (12).)
6
For D = 1 the expression (15) my be rewritten in a simple form:
A = Vp+1
(8π2α′)−
p+1
2√
πL(1 − e2)det(1 + Fµν)×
×
∞∫
0
dt · t− p+32
∞∑
n=−∞
exp
[
−t
(
Y · Y
2πα′
+
2π3n2
L2
)]
(16)
Note that in the absence of D-branes separation this integral may be ex-
pressed in elementary functions [20].
Thus, for open string in a constant electromagnetic field the inducing of
Born-Infeld type action for description of D-branes from the study of the
correspondent vacuum amplitude is again shown. Note that generalization
to supersymmetric case (where again Born-Infeld type action is induced) is
straitforward. Recently, brane-antibrane forces for such objects have been
discussed in [18].
It would be of interest to discuss the behaviour of D-branes in gravita-
tional field (of the De Sitter type for example), what can be done in a similar
way.
Acknowledgments
SDO would like to thank R. Iengo for useful remark. This work has been
supported by GRASENAS 95-0-6.4-1
References
[1] E. Witten, Nucl. Phys., B443 (1995), 85.
[2] C.M. Hull and P.K. Townsend, Nucl. Phys. B438 (1995),109.
[3] A. Sen, Nucl. Phys. B450 (1995), 103.
[4] G. Lifschytz, hep-th 9604156.
[5] J. Polchinski, Phys. Rev. Lett. 75 (1995), 4724.
[6] J. Polchinski, S. Chaudhuri and C.V. Johnson, hep-th 9602052
7
[7] M.B. Green, Phys. Lett. B329 (1994), 435: Nucl. Phys. B381 (1992),
201.
[8] A. Abouelsaood, C. Callan, C.R. Nappi and S.A. Yost, Nucl. Phys. B280
(1987), 599.
[9] E.S. Fradkin and A.A. Tseytlin, Phys. Lett. B163 (1985), 123.
[10] J. Dai, R. Leigh and J. Polchinski, Mod. Phys. Lett A4 (1989), 2073.
[11] V.V. Nesterenko, Int. J. Mod. Phys. A4 (1989), 2627; H. Kanasugi and
H. Okada, Progr. Theor. Phys., 79 (1988), 1197.
[12] S.D. Odintsov. I.M. Likhtzier and A.A. Bytsenko, Sov. J. Nucl. Phys.,
54 (1991), 887.
[13] E.J. Ferrer, E.S.Fradkin and V.de la Incera,Phys. Lett.B248 (1990), 281.
[14] M.B. Green and M. Gutperle, preprint DAMTP/96-12
[15] A.A. Tseytlin, hep-th 9602064
[16] S.P. de Alwis and K. Sato, hep-th 9601167
[17] G.W. Gibbons and D.A. Rasheed, Nucl. Phys. B454 (1995), 185.
[18] T. Banks and L. Susskind, hep-th 9511194
[19] K. Fujikawa, T. Inagaki and H. Suzuki, Phys. Lett. B213(1988), 279
[20] N. Sakai and Y. Tanii, Int. J. Mod. Phys. A6 (1991) 2743; I.M. Likhtzier
and S.D. Odintsov, Mod. Phys. Lett.A6 (1991), 1953.
8
